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Analysis of Asymmetric Coupled Striplines

TOSHIHIDE KITAZAWA AND ~ MITTRA, FELLOW, IEEE

Abstract —A unified method for the quasi-static and the hybrid-mode
formulation of asymmetric coupkd striplines is presented. Variatiomd

expressions are derived for the matrix elements, which describe the quasi-
static characteristics, for the first time. A very accurate numerical method
is shown and some mmtericaf examples are presented for the different

types of asymmetric coupled striplines with mrisotropic substrates.

I. INTRODUCTION

Asymmetric coupled striplines have received wnsiderable at-

tention in recent years [1]–[7]. When these lines are used as

building blocks for filters and directional couplers, they can

provide additional advantages compared with the symmetric cases

because of their impedance transform nature and flexibility.

Although accurate analytical methods of symmetrical cases are

available for different types of coupled striplirtes [8], [9] based on

the quasi-static and hybrid-mode formulations, fewer techniques

have been reported for only coupled microstnps on isotropic

substrates [1], [3]. Most of them are the quasi-static case; how-

ever, the variational expression for the quasi-static parameters

have not been derived. In this paper, a unified analytical method

is presented for the asymmetric coupled striplines. It gives the

variational expressions for the matrix elements which describe the

quasi-static characteristics and also it gives the hybrid-mode

analysis for the frequency-dependent solutions. The formulation

is general enough to treat coupled microstrips, strips with over-

lay, and suspended strips on anisotropic substrates. Some

numerical examples are presented for the quasi-static and

frequency-dependent cases.

II. ANALYTICAL MSTHOD

Fig. 1 shows the general structure of asymmetric coupled

striplines with multilayered uniaxially anisotropic media, whose

permittivity dyadics are

:l=co(ci l;ofo+c, ~joyo+czl, ~o~o ). (1)
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Fig. 1. Generaf structure of the asymmetric coupled striplines.

me electric fields in each’ region can be expressed in terms of

current density on the strips ;( x’) by using the extended version

of the method in [9]

J ~~’i’(~$zlx’$z’) :(x’)~(z’)~z’~’
~(o(x, y,z) “ – ~, ,,

.e-#JOy.(~= 1,2,3)

where /l. is the propagation constant in the y-direction and

dyadic Green’s function ~(i) is given by

.~,ejdx’ ‘x) da

I?l = -tOa -1-j&/30

K2=K1X20

K=/~.

(2)

the

(3)

The scalar Green’s function Z}i), ~(’1 in (3) can be derived by

applying the conventional circuit theory to the equivalent circw”ts

shown in Fig. :2 [9]. The field representation (2) is exact and it

gives the basis for both the quasi-static and the hybrid-mode

formulations.

A. Variational Expressions for the Quasi-Static Parameters

The capacitance matrix has been used to describe the quasi-

static characteristics of asymmetric coupled lines [1], [2] and it is

defined as

[3=[-2‘$1[21 (4)

where VI and Q1 are the potential and the total charges on the

right strip (a < x < bl), and V2 and Q2 are those on the left strip

(– b2 < xc – a), and Cl, C2, and C. are the self and mutual

capacitances. However, to the authors’ knowledge, the variational

expressions for these matrix elements have not been derived even

for the coupled microstrips with the isotropic substrate. In what

follows, the compliance matrix, the inverse matrix of the capaci-

tance matrix, is introduced to describe the quasi-static character-

istics of the asymmetric coupled striplines, and the variational

expressions for the matrix elements are derived for the general

structure shown in Fig. 1.
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Fig. 2. Equivalent transmission-line circuits for genernl structure of Fig. L

We define the compliance matrix as

(5)

The variational expression for the self and mutual compliance

D1, D2, and D~ are derived in the following.

In the quasi-static approximation (/?O -0, u ~ O), the longitu-

dinal electric field (2) becomes

Ey(x,z)=+
cosh{pl(z–dl)a}

J~@JmF(a)pl si~(pldla) ‘(x’)

‘COSa(X’– x) dadx’ (6)

in region (1), where

F(a) =
1

(7)
q= coth(pldla) + c2eL

1 + ~ tanh( pzdza) tanh(p3d3a)

L= (8)

tanh( p2d2a) + ~ tanh( p3 d3a)

p=~ C,=m
(9)

and u(x) is the charge distribution on the strips. The potential

distributions at the z = O plane are given by

@(X) ‘jdl@)(X, Z) dz

=; j%a;xIx’)o(x’)da dx’ (10)
–m o

1 F’(a)
G(a; xlx’)=z. —Cosa(x’– x). (11)

a

+(x) should be constant over the strip conductors

@(x)=vl (fz<x<bl)

=~ (- b,<x<-a). (12)

We consider the following sets of excitation:

i) Q1=Q1 Q2=0 (13)

ii) Q1=O Q2=Q2 (14)

iii) Q1=Q2. (15)

where

From (10), (12), and (13), we obtain

VIQ1 = V1jblfJ(X) dx
a

and

O = V2~_-b~u( X) dx

by utilizing

/-aa(x)&=Q2 =0.
–bz

Therefore, we get

D1=E
QI Q2=0

Similarly, from (10), (12), and (14), we get

Dz=%
Q2 Q1=O

/~~@~mu(x)G(a;xlx’) o(x) dadx’dx
.

{J

—a

}

2

U(X) dx
– b~

Q1=jb’u(x)dx=O
a

and from (10), (12), and (15) we get

(16a)

(16b)

(17)

(18)

(19)

(20)

(21)

(22)

It is verified that the expressions for the compliance matrix

elements (18), (19), and (21) have stationary properties, they give

the upper bounds to the exact values, and that they suggest the

transformation from the anisotropic problem (c, ~, C;,,, d,) to the

isotropic problem (cl,, p, d, ), which has been obtained in other

structures [8]–[10].

The Ritz procedure is applied to the variational expressions to

obtain the numerical results. The effective dielectric constants for

two fundamental modes (that is, C- and H-modes) are calculated

by [4]

‘e ff, (c, .7) —
—

[
LIC1 + L2C2 –2L#~ + (( LIC1 – L2C2)2

+4( L~C1 – L2C~)( LnC2 – KJ)l’2] /2 (23)

where L1, L2, and L~ are the self and mutual inductances, and

they are obtained from the self and mutuzll complkmces of the

case without substrates.
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B. Hybrid-Mode Analysis

The analytical method for the dispersion characteristics of the

asymmetric coupled striplines is the straightforward extension of

that for the symmetric case [9], and the details of the formulation

procedure will not be presented here.

By applying the boundary condition at the strip conductors

(~, = O) to the electric-field representation (2), the integral equa-

tion for the unknown current density ;(x) and implicitly the

unknown propagation constant can be obtained. This type of

integrzd equation can be solved by using Galerkin’s procedure [9].

C. Basis Functions

The unknown quantities are expanded in terms of the ap-

propriate basis functions .$~~)(x), q~j)(x) in the Ritz procedure

for the quasi-static calculations, as well as in Galerkin’s proce-

dure for the frequency-dependent calculations

k=l k-1

N. N,

k-1 k=]

iv(x) = ~ Cjl)&(x) + ~ C~2)q~2)(x) (26)

k=l k-l

where A\J), BjJ), CjJ) are unknown constants. We adopt the

following basis functions, which are similar to those used in [9]

and are extended for the asymmetrical case:

where

(}2(X–$)
k

y

in

2(X–$) 2
1- ~

J

(}

2(X–$)
q~J)(x) =Uk ~

J

( )/j=l,2 S1=+ a+bl 2 Wl=bl–a.

2 2 22

III. NUMERICAL EXAMPLES

(27)

(28)

Some preliminary computations are shown in Tables I-IV.

Tables I and II show the variation of the solutions with the

number of basis functions to determine N1, Nz required to get

accurate results for the quasi-static and the hybrid-mode cases,

respectively. A speci~ case (that is, the symmetric shielded cou-

pled striplines without substrate WI, = W2, ~i ~ = c,,, =1, dl = d2

+ d3 ) is considered in Table III. The exact analytical values for

the quasi-static parameters are available in this case [11], and the

comparison with the exact value by conformal mapping is made

to show the validity of the present method. Also, the values for

the symmetric coupled microstrips are compared with those from

[8] in Table IV. Taking these preliminary numerical results into

consideration, N1 = N2 = 3 for the quasi-static and N1 = N2 = 2

for the frequency-dependent cases are used in the following

calculations except for the extreme wide strip cases, where one

more basis function is used to obtain accurate ,results.

Fig. 3 shows the variation of the quasi-static characteristics

with the width ratio W2/ WI for the different types of coupled

TABLE I ‘

SELF AND MUTUAL COMFLIANCES OF ASYMMETRIC COUPLED

MICROSTIUPS

W = ’111 “ 1’ C*L - 9.4,
’211

- 11.6

dl + ‘-, d2/UL - 1, d3=0

a/Wi . 0.25, U21W1 - 2

‘1 1 2 3 4

‘2
1 2 3 4

(Dkko) X 10’ 4.544 4.475 4.457 b, 456

(D2/co) X 102 2.959 2.936 2.922 2.922

(l)mleo) x 102 0.471 0.475 0.459 0.459

TABLE II

EFFECTIVE DIELECTRIC CONSTANTS FOR m’ Two FUNDAMENTAL

MODES OF ASYMMETRIC COUPLSD MICROSTRIPS

I = ’111 = 1’ ’21
- 9.4,

’211
. 11.6

dl + CO, d2 .l[MM], d3.0

a = 0.25[mII], WI = l. O[mm], W2 = 2.O[ml

f - 20[GLIZ]

‘1
1 2 3 4

N2
1 2 3 4

c-mode Io. &ol 10.552 10.475 10.474

n-mode 8.169 8.187 8.194 8.190

TABLE 111

SYMMETRIC SHIELDED COUPLED STRIPLINES WITHOUT SURSTRATS

Eu “ ~i[l “ 1 (i = 1,2,3)

dl/W1 - 1, ‘%
.d2+d3

q - 0.2, W2 - WI

% 1 2 1 &
Conf Ormal

N2
1 2 3 4

mapping [111

Cl/co 3.881 3.955 3.960 3.960 3.960

Cmko 0.712 0,744 0.743 0.743 0.743
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TABLE IV

LINE CAPACITANCE OF SYMMSTRIC COUPLED MICROSTIUPS

~11- ~11(“ 1’ C2L - 9.4, C2,, - 11.6, Y2-0

dl + -, d, = 0, Ulld2 = 1, W* = WI, alwl - 0.2

‘1 1 2 3 4
Ref. [8]

‘2
1 2 3 4

c-mode
16.112 16.367 16.375 16.376 16.37

( evem mod,)

n-mode
25.295 26.005 26.032 26.034 26. LM

(odd mod,)
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Fig. 3. Quasi-static characteristics versus width ratio ~2 / ~. a/ ~1 = 0.25.

Coupled microstrips:

CIL ‘q,, =1 CZl =9.4 C2,, =11.6

dl+cc d2/W1=l d3=0

Coupled strips with overlay:

~1L=9.4 CI,l=ll.6 C2L= <211=13 (31= 63,, =1

dl/Wl=l d2/Wl=l d~+m.

Coupled suspended strips:

cll=cl,, =l <21 =9.4 C2,, =11.6 c31=c311=l

dl+m d2/W1=l d3/W1 =0.2.

striplines with an anisotropic sapphire substrate. The effective

dielectric constants of coupled microstnps become larger as the

width ratio, while those of other coupled striplines become smaller.

Fig. 4 shows the dispersion characteristics of asymmetric cou-

pled stnplines ( W2 / WI = 2). The values for the symmetric case

( W2 / WI = 1) are shown for comparison. Frequency-dependent

hybrid-mode values converge to the quasi-static values in lower

frequency ranges for all cases. The C- and H-mode phase veloci-

ties for asymmetric coupled suspended strips become equal at

some frequency in the same manner as the symmetric case, which

can be utilized advantageously for the directional couplers.
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Fig. 4. Dispersion characteristics of coupled stripfines.

Asymmetric caaes (Hybrid-mode)

—-— Asymmetric caaes (Qua&static) )

---- Symmetric caaes (Hybrid-mnde)

—-. — Symmetric cases (Quasi-static) }

Dimensions are smne aa in Fig. 3.

IV. CONCLUSIONS

w~/w, =2.

w*/w~=l.

A unified analytical method is presented for the asymmetric

coupled s triplines, which can be applied to the quasi-static and

the hybricl-mode formulations. The variational expression for the

quasi-static parameters are derived for the first time. Accurate

numerical results of the quasi-static and the frequency-dependent

solutions are presented for the different types of coupled strip-

lines with anisotropic dielectric substrates.
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